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Abstract 

The characteristic identity formalism discussed in our recent articles is further 
utilized to derive matrix elements of type 2 unitary irreducible gl{m\n) modules. In 
particular, we give matrix element formulae for all gl{m\n) generators, including the 
non-elementary generators, together with their phases on finite dimensional type 2 
unitary irreducible representations. Remarkably, we find that the type 2 unitary 
matrix element equations coincide with the type 1 unitary matrix element equations 
for non-vanishing matrix elements up to a phase. 


1 Introduction 

This is the third paper in a series aimed at deriving matrix elements of elementary and 
non-elementary generators of finite dimensional unitary irreducible representations for 
the Lie superalgebra gl{m\n). The concept of a conjugation operation (necessary to 
understand unitary representations) was developed by Scheunert, Nahm and Rittenberg 
|3]. These unitary representations were then classified in the work of Gould and Zhang 
00. The above work shows that there are two types of finite dimensional irreducible 
unitary representations of gl{m\n) that are defined depending on the sesquilinear form 
that exists on the module. In this paper, we consider the generator matrix elements 
of irreducible type 2 unitary representations which up to now have not featured in the 
literature. 

In the first paper of this series |1] we constructed invariants associated with gl{m\n), 
and obtained analytic expressions for their eigenvalues. The second paper in this series 
[5] utilized these results to obtain matrix elements for the irreducible type 1 unitary 
representations. A goal of this series of papers has been to highlight the innovative 
techniques involving characteristic identities [6H9]. Characteristic identities associated 
to Lie superalgebras have been studied in the work of Green and Jarvis mm and 
Gould |T2]. We expect the utility and importance of these characteristic identities will 
become increasingly evident as this series continues. For a detailed survey of the literature 
on the subject, and for a broad setting of the current work, we direct the reader to the 
initial article in this series |1]. 

The highest weight of a unitary gl{m\n) module is related to the highest weight of its 
dual in a non-trivial manner relative to the gl{m) case. In general, taking the dual of a 
gl{m\n) module involves a combinatorial procedure as opposed to an algebraic one and is 
directly related to the atypicality of the module in question. In this paper we investigate 
this duality and show how the additional branching rules required for unitary gl{m\n) 
modules appear more natural when consistency under duality is considered. 
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The paper is organised as follows. Section |2] provides a brief review of the context and 
important notations nsed thronghont the paper. In Section [3] we present the three main 
snbclasses of type 2 nnitary representations that are nnder consideration. After giving 
details of the type 2 nnitary branching rules in Section 0] we then investigate the behavior 
of the branching rules under duality in Section [5l Finally, we give a construction of the 
explicit matrix element formulae in Section |6l 

2 Preliminaries 

We continue the same notation as used in the previous articles of this series HE] which 
we summarize here for convenience. The graded index notation requires Latin indices 
I < i, ■ ■ ■ < m tohe assumed even, and Greek indices 1 < p, i/,... < n taken to be odd. 
The parity of the index is given by 


(z) = 0, (p) = 1. 

Where convenient we may use ungraded indices 1 < p, g, r, s < m + n. For indices in 
the range p = 1,..., m we have the parity (p) = 0, and for indices p = m + p for some 
p = 1,... ,n the parity is (p) = (p) = 1. The gl{m\n) generators Epq satisfy the graded 
commutation relations 

\E E ] = 6 E - ('-lV(p)+(9)][h)+(^)lA E 

The Cartan subalgebra is given by the set of mutually commuting generators Eaa 
whose eigenvalues label the weights occurring in a given gl{m\n) module. A weight may 
be expanded in terms of the fundamental weights Si {1 < i < m) and {1 < gi <n) [13] . 
These fundamental weights provide a basis for El*. We may therefore expand a weight 
Ke H* as 

m n 

A = Aj^i + 

i=l p=l 

In this basis, the root system is given by the set of even roots 

±{ei - Ej), I <i < j <m, 

±(h;, - 1 < p < z/ < n, 

and the set of odd roots 

±(g — 1 < i < m, 1 < p < n. (1) 

A system of simple roots is given by the distinguished set 

{£i- Ei+I, Em - I 1 < i < m, 1 < p < n} . (2) 

The sets of even and odd positive roots are then given, respectively, by 

*ho = {Ei — Ej I 1 < i < i < m] U — ^!y|l<p<z^< n}, 

<!>]'■ = {Ei — \ 1 < i < 1 < p < n}. 
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An important quantity is the graded half-sum of positive roots dehned by 

-y m 1 ^ 

= 2 -n-2j + l)ej + - ^(m + n - 2u + 1)5^. (3) 

Every hnite dimensional irreducible gl{m\n) module is a Z 2 -graded vector space 

E = Eo©Ei, 

(so that V E Vj implies the grading (n) = j for j = 0, 1) which admits a highest weight 
vector, whose weight A uniquely characterizes the representation. We denote the corre¬ 
sponding irreducible highest weight module by E(A) and the associated representation 
by tta- Relative to the Z 2 -grading, it is assumed, unless stated otherwise, that the high¬ 
est weight vector has an even grading, i.e. G R(A)o. As a simple example, the 
fundamental vector representation is denoted V{ei) using this notation. 

Components of the highest weight A satisfy the lexicality conditions 

Aj — Aj G Z_|_ (1 < i < j < m), A^ — A,^ G Z+ {1 < g, < v <n). 

We refer to such a weight as dominant. 

Note: While the components of a dominant weight A must satisfy the above lexicality 
conditions we note that (A, — (^i) may be any complex number. This gives rise to a 

1-parameter families of finite dimensional irreducible modules. 

The fundamental vector representation of gl{m\n) is m + n dimensional with a 
basis {|a) | 1 < a < m -|- n} on which the generators Eah have the following action: 


Eab |d) Sffd |o) , 


SO that 

or alternatively 


(c| Eq}j |d) 5i)(i (c|o) ^bd^a 


i^ab^cd — ^bd^ac- 

This gives rise to a non-degenerate even invariant bilinear form on gl{m\n) dehned by 


{x,y) = stT{7rs,{xy)) = ^7re,{xy)ii -^n^^ixy) 

fi=i 


w 


i=l 


In particular we have 

{Eab,E,d) = S^ad, 

which leads to a bilinear form on the fundamental weights 


( 4 ) 


3 



which in turn induces a non-degenerate bilinear form on our weights A given by 


(A,A') = 

M =1 


( 5 ) 


i=l 


On every irreducible, finite dimensional gl{m\n)-modn\e V (A), there exists a sesquilin- 
ear form ( | )e with the distinguished property m 


{E„v\w)e = 


with 0 = 1 or 2 relating to two inequivalent forms. The irreducible, finite dimensional 
module 1^(A) is said to be type 9 unitary if ( | )0 is positive definite on ld(A), and 
the corresponding representation is said to be type 6 unitary. Equivalently, for a finite 
dimensional unitary irreducible representation vr, we require that the linear operators 
7i{Epq) satisfy 

= (-l)(«-i)IW+(«)l,r(i5„), (6) 

where f denotes the usual Hermitian conjugation such that 


[vr(Epg)]' 


0.(3 


'^{Epq) 


pa 


with A denoting the matrix with complex entries conjugate to those of A. 

Given a representation vr, its dual representation tt* is defined by [15] 

TT {Epq) = — [n^Epq)] , 

where T denotes the supertranspose. On a homogeneous basis {ca} of V, the supertrans¬ 
pose is defined as 

where {(3) denotes the grading of basis vector e^. 

It was shown in BE] that both type 1 and 2 unitary irreducible representations are 
completely characterized by conditions on the highest weight labels. This classification is 
given by the following three theorems. 

Theorem 1 The irreducible highest weight gl{m\n)-module V{h) is type 1 unitary if and 
only if A is real and satisfies 

(i) (A + p, Em - Sn) > 0; or 

(a) there exists an odd index p E {1, 2,..., n} such that 


(A + p^e^-5p) = d = (A, 5p - 5n). 


( 7 ) 


Theorem 2 fWf The dual of a type 1 unitary irreducible representation is a type 2 
unitary representation and vice versa. 
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Theorem 3 |2l[^ The irreducible highest weight gl{m\n)-module V{K) is type 2 unitary 
if and only if A is real and satisfies 

(i) (A + p, El - (5i) < 0; or 

(a) there exists an even index k E {1,2 ,..., m} such that 

(A + p, — 5i) = 0 = (A, Ek — £i). (8) 

When considering dual modules we shall make direct use of proposition 5 given in [1] 
which we give here for convenience: 

Proposition 1 Consider a type 1 module V (A). If A is atypical we set p egual to the 
odd index that satisfies Otherwise we set p, = n + 1. 

Define a seguence of odd indices Pi, 1 < ^ < m, by 

Ti = [Am + (A, Ci - e^)] An, a Ab = min{a, b), 


where 


Am A 


Then, 

(i) the highest weight of the minimal Z-graded component of the irreducible gl{m\n) module 
V{A) IS 

m fti 

i=l v=l 


(a) the lowest weight ofV{A) is 

A" = r(A), 

where r is the unigue Weyl group element sending the positive even roots into negative 
ones; 

(Hi) P(A) admits c^a + 1 levels with 


d\ — ^ ^ Ail 

i=l 

(iv) The highest weight of the dual module V*{A) is 

A* = -A- 

3 Characterisation of contravariant tensor and non- 
tensorial representations 

We now adopt an approach similar to that presented in the article [5], by outlining a 
straightforward characterisation of the type 2 unitary representations of gl{m\n). For 
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this case, we introduce the system of extended simple roots: 

Tp^ = Ei-i - Si, 1 <i <m, 

1 < p < n. 

Here we have extended the set of simple roots given in ([2]) by including the additional 
weight Tpi. We also remark that we use the “overbar” notation to indicate that <h makes 
use of an extension different to that introduced in [5] for the type 1 unitary case. We also 
use the notation 1 to indicate an odd index (i.e. /i = 1 in this case). 

We may define a weight basis dual (in the graded sense) to <h with respect to the form 
dS]) as follows: 


ujj = (0 , 0 ,^..,0 , - 1 ,- 1 ,^...,-IJ 1 , 1 ,..., Ij , l<i<m, 

2—1 m—2+1 n 

Uf, = ( 0,0, ^.. ,0 I 0,0, . ,0 , -1, -1,^..., -1 ), 1 < /i < n. 

m n—/i +1 

These are analogous to the fundamental dominant weights for Lie algebras. Explicitly we 
have 

+*,+) = +, (++ 1 .) = -+ 1 ^, = 0 = 

Based on the classihcation theorems of unitary representations of gl{m\n) given in [HE], 
we make the observation that for 1 < i < m, the Ui correspond to type 1 unitary dominant 
weights, and for 1 < /i < n, the correspond to type 2 unitary dominant weights^ 
Using similar arguments given in [5] for the type 1 unitary case, we may state a 
Theorem which is the analogue of Theorem 2 from [5] for the type 2 unitary case. 

Theorem 4 Let V (A) and V (A') be irreducible type 2 unitary modules. Then U(A + A') 
is also irreducible type 2 unitary and occurs in U(A) (g) U(A'). 

It is clear that we may use the fundamental dominant weight analogues given above 
to expand any highest weight A as 

m n 

A = ^(A, ^i)ui - ^(A, (9) 

2=1 /i=l 

Using this expansion, however, it is not apparent after applying the result of Theorem 0] 
whether or not the module U(A) is type 2 unitary. We instead describe the weights in 

^Actually, wi gives a one-dimensional highest weight corresponding to both a type 1 and 2 unitary 
representation. In fact, any real multiple of this weight will give rise to a type 1 and 2 highest weight 
representation. See Lemma 2 of |5] and the comment immediately following its proof. 
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terms of a slightly modified set, which we refer to as the type 2 unitary graded fundamental 
weights^ dehned as 

5 = cji, 

Qi = Ui + {m — i + 1 < i < m, 

e = uJi, 

= 1 < fi <n. 

Using these weights, we may rewrite the expansion ([2]) as 

m n / m \ 

A = j (A,^i) + ^(m-i + l)(A,^i) I £ + (A,^i)A ( 10 ) 

i=2 (1=2 \ i=2 J 

Note that the coefficients {K^Tpf) and — (A,^^) are always positive integers, and so by the 
result of Theorem 0] these terms shall always contribute to irreducible type 2 representa¬ 
tions that are contravariant tensorial. 

The coefficient of e in ffTOj) may in some cases be negative. We may combine part of this 
coefficient with the hrst two terms to contribute to an overall unitary type 2 contravariant 
tensorial representation. What is left over is characterised by the result of the following 
Lemma. 

Lemma 2 The irreducible gl{m\n) module V{'ye) is type 2 unitary if and only if 'y = 
0 , 1 , 2 ,..., m — 1 or m — 1 < 7 G M. 

Proof: The proof follows immediately from the classihcation of Theorem [3l When 
7 = 0,1, 2,..., m — 1, Vfye) will be atypical, otherwise for m — 1 < 7 G M, Vlyye) is 
typical. ■ 

Note that when 7 takes on integer values, even with m — 1 < 7 G Z, Vfye) will 
determine a contravariant tensor representation. For noninteger values of 7 , the ensuing 
representation will be nontensorial. 

As we have already remarked, for any co G M, the module V{u6) is type 2 unitary 
(also type 1 unitary) and one-dimensional. This is the only subclass of unitary module 
that can be taken as either type 1 or type 2 unitary. 

In summary, we have the following result. 

Theorem 5 The highest weight A of an irreducible type 2 unitary gl{rn\n) representation 
is expressible as 

K = Kq + ^e + u6, 

where Aq is the highest weight of an irreducible contravariant tensorial (type 2 unitary) 
representation, 7 G M satisfies the conditions of Lemma\^ and a; G M. 

The key point is that since U(Ao), V(ye) and V{u6) are all type 2 unitary represen¬ 
tations, by Theorem 01 any type 2 unitary module will occur in the tensor product of 
these three. In this sense, we have identihed that the contravariant tensor modules, the 
modules V(je) and the one-dimensional modules V (a;(5) are the building blocks for type 
2 unitary modules. 
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4 Branching rules 


In this section we will now obtain the gl{m\n + 1) I gl{m\n) branching rules for type 2 
unitary modules. Let Ar,p be the weight label located at the rth position in the pth row 
of the GT pattern for gl{m\n + 1) that is written as 


Al,m+n+l 

Al,m+n 

A2,m+n+l 

^2,m+n 


1 

1 ^l,m-\-n 

•^2,m+n+l 

^2,m+n 

Afi,,mH-n 


A2,m+1 


Aj 




'^2,m * * ‘ 

Ai,2 ^2,2 

Ai,i / 

( 11 ) 

and where each row is a highest weight corresponding to an irreducible representation 
permitted by the branching rule for the subalgebra chain 

gl{m\n + 1) D gl{m\n) D ■ ■ • D gl{m\l) D gl{m) D gl{m — 1) D • ■ ■ D gl{l)- (12) 

Using the notation above we hrst recall the branching conditions given in |1], which 
provide necessary conditions on the gl{m\p) highest weights occurring in the branching 
rule of an irreducible gl{m\p + 1) highest weight representation. 

Theorem 6 ^ For r > m + 1, the following conditions on the dominant weight labels 
must hold in the pattern OH): 

Ap,r+1 ^ — -^Ai+ljr+l) 1 ^ P- ^ 

^ ^ 1, 1 ^ ^ ^ rn. 

The results of [T^IIH] provide stronger conditions for the case gl{m\l) D gl{m): 

Theorem 7 J77[[7^ For a unitary type 2 irreducible module U(A) of gl{m\l), using the 
notation of jnp. we have the following conditions on the dominant weight labels: 

Ai,m +1 > K,m > K,m +1 “ 1, if (A + p, Si - hi) <0 (i.e. only if A typical), 

K,m = K,m+ 1 , if (A + p,ei- hi) = 0 (i.e. only if A atypical) 

while for unitary type 1 irredueible representations 

^ ^m, 7 n ^ 1; (-^ ^i) 0 (i.e. Only if A typical), 

= if {h + p^Em- Si) =t) (i.e. only if A atypical). 





For the general gl{m\n + 1) branching rule, we have the following result. 

Theorem 8 For a unitary type 2 irreducible gl{m\n + l) representation, the basis vectors 
can be expressed in the form m, with the following conditions on the dominant weight 
labels: 

(1) For r > m + 1, 

^ 1 ^ h" ^ 'Tl'i 

^i,r+l ^ ^i,r 'F. ^2,r+l 1? 1 ^ ^ ^ TTl, 

(i.e result of Theorem W; 

(2) \m+i > \m > \m+i “ 1, if (A + p, - 5i) < 0 Only if A typical), 

Kra = if (A + p, - 5i) = 0 Only if A atypical), 

(i.e. result of Theorem\^; 

(3) For 1 < j < m, 

Ai+ij+i ^ Ajj ^ Ajj-|-i 

(i.e. the usual gl{j) branching rules); 

(4) For each r such that m + l<r<m + n + l, the rth row in 177]) must correspond 
to a type 2 unitary highest gl{m\r) weight, and for each j such that I < j < m, the 
jth row in m must correspond to a highest gl{j) weight. 

Remark: We may always tensor with the trivial representation a;(—i|i) for a; G M to 
obtain Ai = 0 (here we have suppressed the subalgebra label since it is arbitrary). Noting 
that for atypical type 2 unitary representations there exists an even index i for which 
(A, ei — Cj) = 0 we then have Ai = Aj = 0 and also \j < 0 for all 1 < j < m by lexicality. 
Furthermore, from the (a)typicality condition on the gl{m\l) D gl{m) branching rule 
(A + p,ei — 5i) < 0 we have Xi + X; + m — i < 0. Again, we may set Ai = A* = 0 by 
tensoring with the trivial representation so that we obtain the constraint X; < i — m 
which immediately gives Aj < 0. Therefore it follows that A^ < 0 for all odd indices p 
in contrast to the covariant tensor representations for which A* > 0 for all even indices 
i. Here it is clear that the contravariant tensor representations which are constructed via 
tensor products of contravariant vector modules are characterized by the appearance of 
non-positive highest weight labels. 

5 Duality and gl{m\l) D gl{m) branching rules 

In this section we examine the consistency of the branching rules under duality. Note 
that the lowering conditions on the even weights and the betweeness conditions of the 
odd weights are related under duality in the same sense that a skew Young diagram a/u 
that is a horizontal strip becomes a vertical strip under conjugation (see Appendix B). 
We will now show that the additional condition on the gl{m\l) D gl{m) branching rule 
in Theorem [7| is actually essential to provide consistency of these lowering/betweeness 
conditions. 
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Consider an atypical type 1 nnitary highest weight A. We may set = 0 by tensoring 
with the trivial 1-dimensional representation. This highest weight then takes the form 

A (Ai,Aj-, Af+i,A m |i^i, 1^2, •••, 0, 0,0). 

where r is the largest (possibly zero) even index snch that Xt > n for i < r. 

Note that /i immediately satisfies the second part of the atypicality condition ([7]) 
namely (A, 6^ — 6n) = 0. The hrst part of the atypicality condition gives 

(A Py 5^ Xyyi “t" 1 P 

= 0 (13) 


giving the modihed form of highest weight 

A = (Ai, Ar, Ar+l, /i — l\UiyijJ2y 0, 0,0). 

For a typical type 1 nnitary highest weight A we necessarily have Am > n. For typical 
modules we therefore set r = m and p = n + 1. 

We now follow the method given in [1] to obtain the highest weight of the minimal 
Z-graded component which is denoted by A. From Proposition [1] we have 

m 

i=l u=l 

where 

Pi = [p-l + (A, d - Cm)] A n 
[Am T (A, 6j Cm)] A n 
= {A,€i) A n 
= Xi An 

so that 

m XiAn 

A = A-J^j^(e,-S,) 

2=1 1^=1 

m Xi 

= A - {rir, 6| - r) - - (5^). 

i=r+l v=l 

The weight labels of the minimal Z-graded component A are then 

Xi = Xi — n, 1 < i < r 
Aj = 0, r-|-l<i<m 

K = X^ + #{i\l < Xi < n}. (15) 

It is then a simple procedure to obtain the highest weight of the dual module from the 
relation 

A* = -r(A) 
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where r is the unique Weyl group element sending the positive even roots into negative 
ones or, equivalently, r has the effect of reversing the ordering of the weight labels 

(-^5 ^^m+1—i) 

(r(A),5^) = (A,(5„+i_^). 

We will now consider the gl{m\l) case. The atypical type 1 unitary highest weight is 
now 

A = (Ai,..., Ar, 0,..., 0|0) 

with Aj > 1 for i < r and the atypicality condition flT^ being trivially satished. The 
weight labels of the minimal Z-graded component A are then 

Ai = Aj — 1, 1 < z < r 
Ai = 0, r + l<z<m 

K = K + r (16) 

which implies the weight labels of the dual module of highest weight A* are 

A* = (0,...,0,l-A„...,l-Ai|-r). 

The gl{m\l) D gl{m) branching rule in Theorem [7] states that Xm,m = Am,m+i- Without 
this restriction, a gl{m) weight such as 

= (Ai, Ar, 0,0, —1) 

would be a valid V (A) D V (A') submodule inclusion. The dual highest weight of V (A') 
is given by 

A'* = -r(A') 

so that 

A'* = (l,0,...,0,-A„...,-Ai). 

We would then hnd that 1A(A*) D 1/(A'*) breaks the lowering condition on the hrst even 
weight label. Indeed we see that the type 1 gl{m\l) D gl{m) branching rule fixes the last 
m — r even weight labels of A so that the lowering conditions on the hrst r even weight 
labels of the dual module are satished. Similarly, we may consider a type 2 unitary highest 
weight A* and set k to be the maximal even index such that (A*, Cfc) = 0. Then the type 
2 unitary gl{m\l) D gl{m) branching rule hxes the hrst k weight labels of A* so that 
the lowering conditions on the last m — k even weight labels of the dual (type 1 unitary) 
module are satished. 


6 Matrix element formulae 

We now recall some of the dehnitions and results from our article [1] which will be used to 
derive the matrix element formulae of the current article. Firstly, we note that gl{m\n + l) 
admits the subalgebra chain 

gl{m\n + 1) D gl{m\n) D • ■ ■ D gl{m\l) D gl{m) D gl{m — 1) D ■ ■ ■ D gliX)- 
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Let p denote the position on the subalgebra chain so that m + n > p > m indicates the 
gl{m\p — m) subalgebra while m >p> 1 indicates the gl{p) subalgebra. Then Ap {Ap) is 
understood to be the vector (adjoint) matrix associated with gl{m\p — m) ioi p > m and 
with gl{p) for p < m. The entries of Ap are given by 


A\ = 

{-lY'‘'>Eqr, l<q,r <p 

(17) 

and the entries of Ap are given by 

= -i 

l<q,r<p. 

(18) 


The associated characteristic identities are 

p 

Oik,p) 0 

k=l 


and 


p 

k=l 


with the characteristic roots 


ak,p = {-lY^\Xk,p + m- k) -n 
ak,p = m - {-lY^\\k,p + m + l- k). 
From the characteristic identities we obtain the projections 


(19) 

( 20 ) 


P 


and 


P 


A 


^k' 


Ofc.p 




^k,p 


k^r 


V a 


r,p 


^k,p 


The odd gl{m\p) vector and contragredient vector operators denoted by 'ip{p) and 0(p) 
respectively are dehned by 


V'(p)’ = (-^‘'’’■Epp+i = Pl’p+i- 1 < 9 < P. 

4>(P), = (-l)“J!p+,., = -(-l)‘”.4''+‘ , l<q<p. 


( 21 ) 

( 22 ) 


The vector and contragredient vector operators may be expressed as sums of shift com¬ 
ponents 


mAp 

i=l 

mAp 

Mq = 5^0 

i=l 


P-rn ry 


p=i 
p—m 

E 
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where a Ab = min{a, b) and 

p 


ip 


= ipipYP 

= p 


= p 


Y{p)% 


r “I -s 

p 




In |1] we also defined the gl{m\p) invariants c^^p, Cr,p where 

p 


Cr,p P 


C = P 

^r,p 


(23) 


and 6r,p, Sr,p which satisfy 




p 


r 

L Jp 


= S P 

Ur^pJ- 


and 




r 

p L J 


P 


= S c 

^r,p^r,p 


^r,p^r,p‘ 


(24) 

(25) 


In the case of type 2 unitary representations where 

n p\ t 






we note that equations fl2^ and fl2^ determine the square of the matrix elements of (pm+n 
and 'ipm+n respectively. Thus we take the formulae arising from equations fl2T|) and fl25|) 
to determine the matrix elements. 

We now give closed form expressions for the matrix elements of the generators T^/,p+i 
and Ep^i^i {1 < I < p). Once again using the Gelfand-Tsetlin (GT) basis notation with 
the label Ar,p located at the rth position in the pth row. The matrix of T^p+i^p+i is diagonal 
with the entries 

p+1 p 

^ ^ '^r,p+l ^ ^ ^r,p' 

r=l r=l 

We consider a fixed GT pattern denoted by |Aq,s) and proceed to obtain the matrix 
elements of the elementary lowering generators T^p+i^p. 

We first resolve T^p+i,p into its shift components, which gives 

£,+i,r|A„) = X^(-1 )'’’VHj|A„) 

r=l 

P 


^ ^ A^^(Ag^p_|_l, Ag^p, Ag^p_l)|Ag^s ^r,p)y 


r=l 
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where \\q^s — ^r,p) indicates the GT pattern obtained from |Aq,s) by decreasing the label 
K,p by one unit and leaving the remaining labels unchanged. 

Remark: We adopt the convention throughout the article that — Ar,p) is iden¬ 
tically zero if the branching rules are not satished. In other words, \Xq^s — ^r,p) does not 
form an allowable GT pattern. In such a case the matrix element is understood to be 
identically zero. 

Since the shift operators acting on type 2 unitary modules satisfy the Hermiticity 
condition 


[V[r\ . 

then we may use equation (]2T|l to express the matrix elements as 

Aq^p^l, Aq^p, Aqr^p_l) {Xq^g\6r^pCr^p\Xq^s') ^ 


where 8r,p and Cr^p are either invariants of the gl{m\p — m) subalgebra for m < p < m + n 
or invariants of the gl{p) subalgebra for 0 < p < m. 

The matrix element has an undetermined sign (or phase factor). However, the 
Baird and Biedenharn convention sets the phases of the matrix elements of the elementary 
generators to be real and positive - we will follow [20] and adopt this convention. 

Matrix element phases for the non-elementary generators will be discussed later in this 
section. 

Expressions for the eigenvalues of the invariants Cr^p and 6r^p adapted from |3] are given 
in terms of the characteristic roots of equations fll9ll20p by 


^i,p 


— 


n 




n+1 

,n( 

k^i ^ ^ ' u=l 

n+l 


^i,p 


n 


^p^p ^k,p 1 


‘^1 \ ^P.P ^KP-I / 


H' 


^p,p ^u,p 


',p) {.^i,p ^U,p—1 1); 1 ^ ^ ^ 

U=1 

n 

) ^v^p—1 


u=l 


and 


^i,p ~ n 

k^i 


^k,p ^i,p 


^i,p 


n+1 


J_ J_ i.^i^,p ^i,p 1 ) J_ J_ ^i,p) 1 1 ^ ^ ^ ^7 


u=l 




^k,p ^piP 


n+1 




For p > m + 1 we then obtain the type 2 unitary elementary lowering operator matrix 
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elements 


Nf = 


n 

_ k^i=l 




X 


(*^A:,p+l ^i,p “1“ l)(^/c,p—1 , 

nnr'(o:,.p-i - «i.p -1) - «<,p) 




Oii,p){(^u,p C^i,p 1) 

{,^k,p ^tJ-,p ^)(®fc,p ^p,,p) 


1/2 


, p > m + 1 


(26) 




n p—m— 1 / -I \ TTP—rr 

i/=l (Q^jy,p-1 — — 1) 


p—m+ 1 , 


X 


a 


u,p+l 


®P,p) 


1 1/2 


, p > m + 1. 


(27) 


ni/^/_j=i('^i',p oifi,p){(^u,p ^p,p 1) 

We may now obtain matrix elements of the raising operators -Ep,p+i via the relation 
{^q,s “7 ^r,p I-^p,p+l I|-^p+l,p |“I" ^r,p') y 


which holds on type 2 unitary representations. It is clear that, h/p,p+i is simply obtained 
from h/p+i,p by making the substitution A^p —)• Xrp + 1 within the characteristic roots 
occurring in the matrix element formula for i7p+i p. From equations flT^ and (120|) we see 
this shift of the label A^p is equivalent to the substitutions 


^i,p t Cli,p “1“ 1, CZp,p, t Ot^^p 1. 


After applying the above substitutions to the matrix element equations fl26ll and fl?711 
we then have the elementary raising generator matrix elements 


ivr = 


n 


k^i= 


ncf‘(opp-i - “.p - 2) n:ri”(“.p+i - Oip -1) 


iS^k,p ^i,p 1)(c1A:,p ^i,p') 


\ (n^fcjP+i cq,p) (cife,p—1 


a 


l,p 


1 ) 


p—m+ 1 1 


X 


NP = 
V 


X 


n p—m ( 


^i,p f)(ll^ip,p 11^2,p 


2 ) 


1/2 


, p > m + 1 (28) 


n 


{^(^k,p ®p,p A 2)(cifc,p P^p,p A 1) 


\ (o^fcjP—1 *^p)P A l)(cifc,p+i ®p)P A 2) 

- «+,p) +1) 

ni/^/i=i (®i2,p ~ ^p,p A i)(cii2,p ~ iip,p) 


1/2 


, p > m + 1. 


(29) 


Remark: We observe that the above type 2 unitary matrix element equations for 
p > m + 1 match the type 1 unitary matrix element equations given in |5] (page 17). 
Using the same procedure as above it may be shown that the p = m type 2 unitary 
matrix element equations (given below) also match the p = m type 1 unitary matrix 
element equations. Finally, the p < m case is given by the gl{m) matrix element results 
of [20]. It is important to note that the branching rules and therefore the vanishing 
conditions of the matrix elements are different between the two representation types. 
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Furthermore, for the non-elementary generators, there is a difference of phase that will 
be given later in this section. 

For the p = m case we have 




ai 


p/2 


rifc — (^i,m + 1) 

(^i,m d" 1) 


which after the substitution —)■ Oj p + 1 gives 


(^i,m -*-/ I -i-rm t \ 

\.\.k^i\^k,m+l ~ Cti,m) 


Nr = 


Finally, when p < m, we make use of the results in |2U], namely 


ivf = 


( 1)^ 11^=1 P+1 11^=1 (^k,p-l 1) 

®fc,p)(®i,p ^k,p 1) 


1/2 


and 


( ^YY\.k=l^^k,p+l C^i,p 1 ) 11^=1 <^k,p-l) 

~ ^k,p + 1)(Q^*,p ~ CX.k,p) 


p—1 . 


Nf = 


1/2 


1/2 


, p <m 


, p < m. 


We now turn to the non-elementary generators i^p+i,; and F^z,p+i. Resolving the i?p+i,z 
{I < p) into simultaneous shift components, we have 


Ep+i,iWs) - 


p ... I 

Up . . . Ui 


1-^5+ ^Up,p ■ ■ ■ ^ui,l) y 


where |Ag^s —^up,p —■ ■ - — ^uui) indicates the GT pattern obtained from |Ag^s) by decreasing 
the p — / 1 labels Xur,r of the subalgebra gl{m\r — m) for r = /,... ,p, by one unit and 

leaving the remaining labels unchanged, and the summation symbol is shorthand notation 
for 

m+n m+n—1 p 

E E 

'Rm+n — 1 ^m+n —1—1 'R'p — 1 

Similarly, we also have 


-Fz.p+llAq,*) - iV 


p ... I 

Up. . . Ui 


|Ag^S d ^Up,p d • • • d ■ 


The matrix elements of these non-elementary generators also match those of the type 
1 unitary case. By following the derivation given in [5] we obtain 


N 


p ... I 

Up . . . Ui 




ns=Z+l \/ {^Us,s 0 'us-i,s-l d C 1 «s_i,s-i) 


(30) 
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N 


P 


Up . 


. r 

■Ui 




ns=/+l '\/Q!us_i,s-i) 

where the signs of the type 2 unitary matrix elements are given by the expression 


(31) 


^ N 


p ... I 

Up . . . Ui 


=s(]vh'"' 
V 

p 

s=Z+l 


and where S{x) G { — 1,1} is the sign of x, S'(O) = 1 and, as usual, odd indices are con¬ 
sidered greater than even indices. Details of the phase calculation are given in Appendix 

A. 

Remarks: 


1. It is understood that to apply the matrix element formula derived above, where 
possible terms are canceled first and reduced to the most simplified rational form 
before applying the formulae and substituting weight labels. 

2. All terms appearing in the square roots in the above formula are indeed positive 
numbers. 


3. We remind the reader that in all cases we have adopted the convention that a shifted 
pattern ± Ar,p) is identically zero if the branching rules are not satisfied. 

We would like to emphasize the surprising nature of the correspondence between the 
type 1 unitary and the type 2 unitary matrix element equations. In short, the caution 
exercised to ensure that we always tensor the (type 1 unitary) vector module V{ei) with 
a type 1 unitary module D(A), while being technically essential to obtain complete re- 
ducibility, was actually inessential in obtaining the resulting matrix element expression. 
However the vanishing conditions and phases of the matrix elements are dependent on 
the type of the module concerned. Therefore the general procedure to hnd matrices of 
generators of gl{rn\n -|- 1) (including non-elementary ones) corresponding to a type 1 or 
type 2 unitary irreducible highest weight module H(A) is: 

1. Identify the type (1 or 2) of the highest weight A using the classification results of 
Theorems [U and [3l 

2. Determine the branching rules for the whole subalgebra chain flT^ . using Theorem 
ID for type 2 representations or Theorem 9 within |S] for type 1 representations; 

3. Express every basis vector as a GT pattern of the form flTT]) : 

4. Determine the matrix elements using the formulae presented in Section |6l 
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Appendix A: Phase convention 


We will now derive the phase of the matrix elements of the generators Ep^ 2 ,p and then 
extend this result to matrix elements of all generators Epj^ 2 ,p-q- This calculation is anal¬ 
ogous to the type 1 unitary case given in [5] but care must be taken when shifting two 
labels of differing parity. 

The simple generators acting on a GT pattern |Aq,s) (with the top row being 

the highest weight of a type 2 unitary representation for gl{m\n -|- 1)) will produce 

S,+i,.|A) = ^yiA-£a,) 

a=l 

where |Ag,s — ^a,p) is the GT pattern |Ag,s) but with the ath label of the pth row shifted by 
— 1. Gonsequently, non-zero matrix elements of the simple generators will be of the form 


(Ag,s — ea,p\Ep+i^p\Xq^s) — (33) 

where we have set to be positive by the Baird and Biedenharn convention. Non-zero 
matrix elements of non-simple generators Ep+ 2 ,p are given by 

Ef ^ ^ ^i>,p+l\Ep-\-2^p\Xq^s') 

{^g,s ^o,,p ^b,p+l\[Ep^2,p+ly I Aq^s) 

{^g,s ^a,,p I A'p-|_2,p+l I Aq ,5 ^a,p) (Ag^s ^a,p\Ep-\-i^p\Xq^s) . 

(Ag,s ^o,,p ^b,p-^-l\Ep-^.l^p\Xq^s (Ag^s H'ft^p-l-l I £p-|-2,p+l I Ag^s) ■ 

Using fl33l) the above equation can be written as 

r=- v'ia,,. - £i,,+,]ivr‘[A,.j 


where all of the matrix elements on the RHS are positive due to the Baird-Beidenharn 
convention. 

Recall the following formulae together with the definitions of I and I given in [1]: 

^a,p (^^a,p ^k,p ( 1)^ (rra,p (^r,p+l) i U G / , (34) 

k£l,k^a 




^k,p-\-l) (^b,p+l ^r,p ( 1)^ b ^ I. 

k£l,k^b 


(35) 
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By examining the change (appearing as the addition or removal of terms) resulting from 
the shift Xg^s — £b,p+i to equation and the shift Xg^s — £a,p to equation fl35l) we hnd 
that for odd a and odd b : 


NT M = NTiKs - ea,pmKs] - NT,,s - eb,pTNr [Ks] 

= {Sb,p+lCb,p+l)TKs - ^a,p]NTT - {Sa,pCa,p)TT “ [A,,.] 

= (cb,p+i)^/^[Ag,, - ea,p\Tp+T^'^[Ks]N^[\A 
- {5a,p)TKs - eb,p+l]Tp)TKs]NT[Ks] 


\j “t~~r 


_ , VjVr‘[A„J 

*^6,p+l 1 y ^a,p ^b,p-\-l J 

= {aa,p - a,,P+, - lT^^{aa,p - a.^p+iT/^N^NTiKs]- 



Similarly, for the cases corresponding to the other three parity combinations of a and 6, 
we obtain the same result. 

We observe that the sign of NTb'^ is directly given by the sign of aa,p — <yb,p+i- 
However, we must also note that in the gl{m) case where p < m the sign of is 

given by the sign of a6,p+i —Oa.p |2^- Furthermore, it was shown in [5] that the overall sign 
of N[^ 'JJ is given by the multiplied signs of such terms at each level of the subalgebra 
chain as follows 


s=l-\-l 

where we have added the (—l)F+i) grading factor to include the gl{m) case. 
Now, for {us) = 0, (us-i) = 0,Us ^ Us-\ we have 

1 (^Us,s) *S'( Xug+ “1“ Us i) 

= S{Us- Us-l) 

by lexicality. 

For (ug) = 1, (us-i) = 1 we have 

—1 Oiua,s') S(^Xn^ s "h Ug — l ^s) 

Si^Ug—, Ug^’ 

For {ug) = 1, (u^-i) = 0 

O'usjs) 5 0 !ub,s f) 

5( (A(s) + P(g), ^Us-i ^Ug) 2) 


A N 


p ... I 

Up . . . Ui 


(36) 


(37) 
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where we have denoted A(p) and p(p) to be the highest weight and graded half-sum of the 
positive roots restricted to the subalgebra level gl{m\p — m). For A typical type 2 unitary 
we have (A( 5 ) -|- p(s), ei — 5i) <0 which gives 

(^(s) + Pis), ^us-i — ^us) = {^(s) + Pis), — ^i) + (A(s) -t- Pis),eu,_^ — Cl) (A(s) p(s), — 6u,) 

— i^is) + Pis), — 5i) < 0 

where we have used the fact that A(s) -|- p(^s) G . For A atypical type 2 unitary there 
exists an even index 1 < k <m such that (A(s) -|- p(s), — 5i) =0 and (A(s), — ei) = 0. 

Since the labels for 1 < j <k are all equal, only even labels for Ug^i > k may 

be lowered. For this matrix element we necessarily have Us-i > k giving 

(A(5) -|- p(s), eu^_^ — 6uJ = (A(s) -I- p(s), Cfc — 6i) + (A(s) -|- p(s), eu^_i — ek) + (A(s) -|- p(s), 5i — 

= (A(s) + p(s), eu^_^ — €k) + (A(s) -I- Pis),5i — 5uJ < 0, 

which shows that for this case the matrix element is negative, i.e. 


—1 1) 1) ('^S—l) 0, 

and similarly 

cnus,s) f) (^s) 0) i) !• 

Combining the above four cases gives 

S(a^^_,,s-1 - = (-l)C-dK)+K-i)+K)^(„^ _ 

where, as usual, odd indices are considered greater than even indices. Finally, from 
equation (j36l) we have the result 

A ^ 

]= JJ (38) 

^ s=l+l 

where the grading factor (for odd s) is the same sign as the type 1 unitary case when 
(ug-i) = (ug) and the opposite sign when (ug-i) ^ (ug). Analogously we also have 

/ r /I A ^ 

SlN^'" ) = n (39) 

^ L p (j / g=i+i 

so that for a type 9 representation {9 G {1, 2}) 


L-r 

P ... 1 

[N 

V 

Up . . . Ui^ 


5 N 


p ... I 

Up ... Ui 


= S[N 


p ... I 

Up ... Ui 


^ s=i+l 

(40) 


Remark: It is interesting to note (from closer analysis of the above proof) that the 
phases of the non-zero matrix elements 


N 


p p — 1 

Up Up—I 


N 


p p — 1 

Up Up—I 


, p > m 
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for both type 1 unitary and type 2 unitary modules are ultimately given by the sign of 


(A + p, a), a e $0 U <hi 


where 


a 


^Up 5 

[Up—1 

a 

= ^Up-l 

'^Upy 


a 

^Up-l 

^Up, 

('Up—l 

a 

^Up-1 

^UpJ 

('Up_l 


) = {up) = 0 

) ~ i'^p) ~ 1 

) = 0, (up) = 1 

) = 1, K) = 0. 


From this point we may obtain the hnal phase expression by assuming 


Up—I < Up 

so that a G $0 for (up-i) = {up) and for (up-i) = 0, {up) = 1. We may later 

remove the restriction Up-i < Up by swapping labels to obtain the opposite sign. 

When a G $0 the sign of (A + p, a) is positive for (up-i) = (up) = 0 and negative for 
{up-i) = {up) = 1 since both A and p are lexical. Note that this holds for both type 1 
unitary and type 2 unitary A. 

We now consider the case a G The expression (A + p, a) is given by 

(A + p, — ^up)- 

From the previous calculations in this appendix we see that for type 1 unitary A this 
expression is positive while for type 2 unitary A this expression is negative. Note that 
this strong result is only possible due to the restrictions on the values of Up-i and Up for 
non-vanishing matrix elements. Therefore, for type 1 unitary A we can give the sign of 
(A -|- p, a) as 

and for type 2 unitary A the sign is 

(_l)K-i)(“p)+K-i)+K)^(yp _ 


Appendix B: Duality of betweeness conditions 

In this appendix we investigate the gl{m\n) dual branching rules for n > 1 via Young 
diagram methods. 

In section [5] the form of a type 1 unitary highest weight was given as 

A = (Ai,..., Ar, Ar+i,..., p — l|a;i, 072, 0,0,..., 0). 

where r is the largest (possibly zero) even index such that Xi > n for i < r and where p 
satishes the second part of the atypicality condition ([7]). We also noted that for typical 
type 1 unitary modules we necessarily have A^ > n and therefore set r = m and p = n-|-1 
in that case. 
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The weight labels of the minimal Z-graded component A were then found to be 

Ai = Aj — u, 1 <i <r 

Ai = 0, r + l<i<m 

A;/ = Ai/ + < Aj < z/} (41) 

where 7 )^ denotes the cardinality of the given set. The highest weight of the dual module 
is then 

A* = -r(A) (42) 

where r is the unique Weyl group element sending the positive even roots into negative 
ones. 

The method of obtaining A given by equation (ITT)) can be expressed using Young 
diagrammatic methods by considering equation flTT|) . 

Let (To be the partition (or equivalently the corresponding Young diagram) given by 
the even weights of A 

(Ai)...) Am) 

and similarly let ai be the partition (Young diagram) given by then odd weights of A 

(Am+l) • • •) Am+n) • 

SO that we have the bipartition denoted by 

a = (ao,cri). 

We now restrict to the case r = 0 and Aj, = 0,Viy in equation (jUj). We then see that 
the sequence of odd weight labels Aj, is precisely the conjugate partition of the sequence 
of even weight labels A*. For this restricted case, we can therefore express equation flTTl) 
in terms of Young diagrams as 

d = (0, Uo) (43) 

where 0 represents the empty partition and the superscripted prime denotes the conjugate 
partition. 

Equation fl42|) expressed in terms of a Young diagram ct is a just a reversal of the 
original diagram’s row ordering followed by a reflection across the vertical axis to represent 
negative values. The resulting diagram a* is therefore, for our purposes, equivalent to the 
original diagram of the highest Z-graded component ct. 

We will now give the gl(mjn) branching rule for n > 1 in terms of Young diagrams. 
For two partitions a and v with (jj > Vi we denote the skew Young diagram as a/v as the 
one obtained by removing the diagram of v from the diagram of a. A skew diagram is 
called a horizontal strip (vertical strip) if each column (row) of the skew diagram contains 
exactly one box. We may reexpress the gl{m\n),n > 1 branching rule (Theorem E]) as 
follows 

Theorem 9 Let a = ((To,(Ti) and v = (uo,Ui) be given by the bipartitions corresponding 
to rows m + k + 1 and m + k of a GT pattern. Then the bipartitions a and v must satisfy 
the conditions 
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(1) ao/vo is a horizontal strip 

(2) ai/vi is a vertical strip. 

The above expression for the branching rule is related to the branching rule derived in [21] . 
However, our branching rule here has been derived algebraically and applies to both 
covariant and contravariant tensor representations while the result given in [21] has been 
arrived at via diagrammatic methods that apply only to covariant tensor representations 
(albeit for a general Borel subalgebra while we use the standard Borel). 

Obviously, if a skew Young diagram is a horizontal (vertical) strip then the conjugate 
skew Young diagram is a vertical (horizontal) strip. Hence, from equation flT3l) the dual 
branching rule (for the restricted case under consideration) is given by 

Theorem 10 Fix the top row of a GT pattern to he a gl{m,n + 1) highest weight of an 
atypical type 1 unitary module with even labels Xi < n,l < i < m and all odd labels 
zero. Let a = (cTo,cri) and v = (no,ni) be given by the bipartitions corresponding to rows 
m + k + 1 and m + k with 1 > k > n of the GT pattern. Then the bipartitions a* and v* 
of the corresponding rows of the dual GT pattern must satisfy 

cr\/vl = cXq/uq is a vertical strip 

By comparing the above theorem with Theorem [9] we see that the lowering conditions 
on the even weight labels are dual to the gl{n) betweeness conditions on the odd weight 
labels. 
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